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A GENERALIZATION OF LIFTING NON-PROPER TROPICAL INTERSECTIONS
XIANG HE
ABSTRACT. Let X and X ′ be closed subschemes of an algebraic torus T over a non-archimedean
field. We prove the rational equivalence as tropical cycles in the sense of [Mey11, §2] between the
tropicalization of the intersection product X · X ′ and the stable intersection trop(X) · trop(X ′),
when restricted to (the inverse image under the tropicalization map of) a connected component C
of trop(X) ∩ trop(X ′). This requires possibly passing to a (partial) compactification of T with
respect to a suitable fan. We define the compactified stable intersection in a toric tropical variety, and
check that this definition is compatible with the intersection product in loc.cit.. As a result we get
a numerical equivalence between X · X
′
|C and trop(X) · trop(X
′)|C via the compactified stable
intersection, where the closures are taken inside the compactifications of T and Rn. In particular,
when X and X ′ have complementary codimensions, this equivalence generalizes [OR11, Theorem
6.4], in the sense that X ∩ X ′ is allowed to be of positive dimension. Moreover, if X ∩ X
′
has
finitely many points which tropicalize to C, we prove a similar equation as in [OR11, Theorem 6.4]
when the ambient space is a reduced subscheme of T (instead of T itself).
Keywords. Stable intersections, compactification, refined Gysin homomorphism.
1. INTRODUCTION
Let K be an algebraically closed field with a valuation val : K → R. Let T be an algebraic
torus of dimension n over K . There is a tropicalization map trop: T → Rn defined by taking
the valuation of every coordinate. Under this map, the image of a pure dimensional subscheme
X of T is a balanced polyhedral complex of the same dimension, which is denoted by trop(X).
It is natural to consider under what conditions does the intersection commute with tropicalization,
namely, given subschemes X,X ′ ⊆ T when do we have trop(X∩X) = trop(X)∩trop(X ′). This
reduces to a lifting problem since we always have trop(X ∩X ′) ⊆ trop(X)∩trop(X ′). Results in
this direction have been applied in [CJ15], studying the connection between the theta characteristics
of aK4-curve and the theta characteristics of its minimal skeleton; and in [CP12], showing that the
tropicalization of an irreducible subvariety of an algebraic torus is connected through codimension
one; and in [CJP15], discussing the lifting of divisors on a chain of loops as the skeleton of a smooth
projective curve, etc.
When trop(X) intersects trop(X ′) properly this problem is studied thoroughly by Osserman
and Payne in [OP13]. They proved that trop(X ∩X ′) = trop(X) ∩ trop(X ′), which generalizes
a well-known result [BJS+07, Lemma 3.2] concerning the lifting when trop(X) and trop(X ′)
intersect transversely. Moreover, they gave a lifting formula for the intersection multiplicity of
trop(X) · trop(X ′) along a maximal face of trop(X) ∩ trop(X ′), where the ambient space is a
closed subscheme of T (instead of T itself). See [OP13, §5] for details.
The commutativity does not hold when trop(X) ∩ trop(X ′) is nonproper. For example one
can take hyperplanes X = {x = 1} and X ′ = {x = 1 + a} where val(a) > 0, then X and
X ′ have empty intersection and same tropicalizations. However, one can still ask about the con-
nections between the intersection cycles X · X ′ and trop(X) · trop(X ′). As an example, assume
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K is nonarchimedean, Morrison [Mor15] proved that when X and X ′ are plane curves that inter-
sect properly, the tropicalization of the intersection cycle trop(X · X ′) is rationally equivalent to
trop(X) · trop(X ′) as divisors on the (possibly degenerated) tropical curve trop(X) ∩ trop(X ′).
In the higher dimensional case, Osserman and Rabinoff proved in [OR11, Theorem 6.4] that when
X and X ′ are of complementary codimension, the number of points of X ∩ X ′, after a suitable
compactification of the torus, that tropicalize to (the closure in the corresponding compactification
of Rn of) a connected component C of trop(X) ∩ trop(X ′) is the same as the number of points in
trop(X) · trop(X ′) supported on C , where both numbers are assumed to be finite and are counted
with multiplicities.
In this paper we generalize the result of [OR11] in several directions. First assume X andX ′ do
not necessarily intersect properly, hence the intersection multiplicity is not well defined. Instead of
counting points of their intersection, we look at the refined intersection product X ·X
′
on X ∩X
′
which as a cycle class is represented by a formal sum of points supported on X ∩X
′
([Ful98, §8]),
where the closures are taken inside the toric varietyX(∆) associated to a certain unimodular fan∆
(hence X(∆) is smooth). Restricting to the closure of a component of trop(X) ∩ trop(X ′) in the
corresponding compactification, denoted by NR(∆), of R
n we have:
Theorem 1.1. Let X and X ′ be closed subschemes of T of complementary codimensions, C a
connected component of trop(X)∩ trop(X ′). Then there exists a fan∆ such that the degree of the
subset of X ·X
′
that tropicalizes to C is the same as that of trop(X) · trop(X ′) supported on C .
In particular we are allowed to consider self-intersections of subschemes of T (see Example
4.4), which is not mentioned in [OR11]. The idea of proof is similar to [OR11, Theorem 6.4],
namely, we show that the intersection cycle X ·X
′
can be approached by the intersection ofX and
a perturbation of X
′
, when restricted to a neighborhood of C . Here by perturbation we mean tX
′
for some t ∈ T with val(xi(t)) small enough. The argument requires passing to nonarchimedean
analytic spaces. This case will be discussed in Section 4, see Theorem 4.3. Moreover, a sufficient
condition for the fan ∆ will be given.
Theorem 1.1 is easily generalized to multiple intersections (see Theorem 4.8) which plays an im-
portant role in our next approach of generalization, namely testing higher dimensional intersections.
Let iC : ZC → X ∩X
′
be the inclusion of the union of irreducible components ofX ∩X
′
that trop-
icalize to C; note that this is an open and closed subset inclusion. Assuming dim(X) + dim(X ′)
is greater than or equal to n, we prove that, after restricting to C , we have trop(X ·X
′
) rationally
equivalent to the closure of trop(X) · trop(X ′) as tropical cycles inNR(∆). Specifically, we have:
Theorem 1.2. Let X and X ′ be closed subschemes of T of pure dimensions k and l, and C a
connected component of trop(X) ∩ trop(X ′). Then there is a family of fans ∆ such that
[trop(i∗
C
(X ·X
′
))] = [trop(X) · trop(X ′)|C ] ∈ Ak+l−n(NR(∆)).
See Section 2.3 or [Mey11, §2] for the definitions of tropical cycles and rational equivalence on
NR(∆). In particular, rational equivalence preserves the degrees of zero cycles. In Section 3 we
develop a compactified stable intersection “ ·c ” on NR(∆) of two tropical cycles of certain type
which extends the stable intersection on NR. We check that this compactified stable intersection is
compatible with the intersection product defined in loc.cit., which we denote by “∗”, and as a result
we have:
Theorem 1.3. Let X and X ′ be as in Theorem 1.2. For a certain family of tropical cycles F in Rn
we have
deg(trop(i∗
C
(X ·X
′
)) ·c F ) = deg(trop(X) · trop(X ′)|C ·c F ).
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Theorem 1.2 will be restated and proved as Theorem 5.7 and Theorem 1.3 as Corollary 5.9,
where the notations are explained. The main idea of the proof of Theorem 1.2 is, knowing that
there is a natural isomorphism (induced by the tropicalization map) between the Chow rings of
X(∆) and NR(∆) through Minkovski weights on ∆ (see Lemma 5.6), one actually only need to
check the equality (between degrees) above. This can be accomplished by using the “multiple
intersection” version of Theorem 1.1, since we can restrict to cycles which is a sum of products of
the tropicalizations of hypersurfaces inX(∆).
Note that Theorem 1.2 generalizes Theorem 1.1 except that the fan condition is more restrictive,
and it is different from just saying that trop([X ] · [X
′
]) = [trop(X)] ∗ [trop(X
′
)] (Lemma 5.6)
even when trop(X) ∩ trop(X ′) only has one component, see Remark 4.5 and Example 4.6.
In a complementary direction, motivated by the work of Osserman and Payne, in Section 6
we generalize [OR11, Theorem 6.4] in the case of an ambient space which is a reduced closed
subscheme of T :
Theorem 1.4. Let Y be a reduced closed subscheme of T and X and X ′ be subschemes of Y of
complementary codimension, let C be a connected component of trop(X) ∩ trop(X ′) which is
contained in the relative interior of a maximal face ι of trop(Y ) of multiplicity one. For a certain
family of fans∆, if there are only finitely many points ofX ∩X
′
that tropicalize to C then we have:∑
x∈ZC
i(x,X ·X
′
;Y ) =
∑
u∈C
i(u, trop(X) · trop(X ′); trop(Y )).
See below for explanations of the notations. In the proof of Theorem 1.4 we consider the analyti-
fication of Y . Assuming Y is of dimension d, the key point is that locally at a point that tropicalizes
to a simple point in ι we have that Y
an
is isomorphic to the analytic torus of dimension d. Hence
one can essentially replace Y by an algebraic torus, and all the informations that “lie in” ι will be
preserved. Therefore the theorem becomes a corollary of [OR11, Theorem 6.4]. See Theorem 6.3
for details.
Acknowledgements. I would like to thank Brian Osserman for introducing this problem and for
many helpful suggestions. I would also like to thank Sam Payne for pointing out the key point
in Theorem 1.4 above, and thank Johannes Rau for making the author aware of Meyer’s paper
[Mey11]. Moreover, I would like to thank the referee for carefully reading the manuscript and for
the suggestions about revising.
Notations. In the sequel we fix an algebraically closed non-archimedean field K with nontrivial
valuation group G = val(K). Let N be a lattice of dimension n. Let TN be the algebraic torus of
dimension n whose lattice of characters, usually denoted by M, is dual toN . DenoteNR = N ⊗R.
We always identify NR with R
n whenN is specified. For a polyhedron (resp. polyhedral complex)
P we denote the recession cone (resp. recession fan) of P by ρ(P ), and the relative interior by
relint(P ). Denote P (m) the set of faces of P of dimension m.
Let Σ be a fan in NR and τ ∈ Σ. We denote StarΣ(τ) = {σ ⊂ R
n/Rτ |τ ≺ σ ∈ Σ} as a fan
in Rn/Rτ . We also set Star(τ,Σ) a fan in Rn whose cones are of the form σ˜ = {λ(x − y)|λ ≥
0,x ∈ σ,y ∈ τ} for all σ ∈ Σ which contains τ as a face.
Let X and X ′ be closed subschemes of Y such that dim(X) + dim(X ′) = dim(Y ). We de-
note i(x,X · X ′;Y ) the intersection multiplicity of X and X ′ at an isolated point x of X ∩ X ′
at which Y is smooth. If in addition Y is a closed subscheme of an algebraic torus, we de-
note i(u, trop(X) · trop(X ′); trop(Y )) the multiplicity of trop(X)u · trop(X
′)u (at the origin)
in trop(Y )u for u ∈ trop(X)∩ trop(X
′), where trop(X)u is the star of trop(X) at u, constructed
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by translating trop(X) so that u is at the origin and taking the cones spanned by faces of trop(X)
that contain u. We usually omit trop(Y ) in i(u, trop(X) · trop(X ′); trop(Y )) when Y = TN is a
given torus.
Let X be a scheme of finite type over K , and Z is a union of connected components of X such
that Z is proper, and α a cycle class on X of dimension zero. We denote Ak(X) the k-th Chow
group of X, denote
∫
Z α the degree of the restriction of α on Z .
2. PRELIMINARIES
In this section we recall some facts which are useful for later arguments. Note that most facts
works for more general fields K .
2.1. Refined intersection product. Let iX : X → Y be a regular imbedding of codimension d of
schemes of finite type over K , and f : Y ′ → Y be a morphism. For any fiber square:
X ′ Y ′
X Y,
iX′
iX
according to [Ful98] there is a well-defined pull back map i!X : Ak(Y
′) → Ak−d(X
′), called the
refined Gysin homomorphism. Note that if iX′ is also a regular embedding of codimension d and
we have fiber squares:
X ′′ Y ′′
X ′ Y ′
iX′
and
X ′′ Y ′′
X Y,
iX
then the excess intersection formula implies that i!X′ = i
!
X : Ak(Y
′′)→ Ak−d(X
′′).
Let Y be a smooth variety. Then the diagonal embedding δ : Y → Y ×Y is a regular embedding
of codimension dim(Y ). Let X and X ′ be subvarieties of Y . The refined intersection product
X ·X ′ is then defined as δ!([X ×X ′]) ∈ A∗(X ∩X
′) with respect to the following square:
X ′ ∩X X ×X ′
Y Y × Y.δ
If iX : X → Y is a regular embedding, then X ·X
′ = i!X([X
′]).
Now consider families of cycle classes. Let Z be an irreducible variety of dimension m, let
t ∈ Z be a regular closed point, which implies that the inclusion it : t →֒ Z is a regular embedding
of codimension m. Given a morphism p : Y → Z and a (k +m)-cycle α on Y , we get a family of
k-cycle classes i!t([α]) ∈ Ak(Yt) for all t ∈ Z , where i
!
t : Ak+m(Y )→ Ak(Yt) is the refined Gysin
homomorphism defined by the following fibre square.
Yt Y
t Z.
pt p
it
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Note that by the construction of refined Gysin homomorphism, we actually get a cycle class in
Ak(|α|t) where |α| is the support of α.
Lemma 2.1. Let Z be a non-singular variety of dimension m, assume t ∈ Z is rational over the
ground field, and Y is smooth over Z of relative dimension n. If α ∈ Ak+m(Y ) and β ∈ Al+m(Y )
then
i!t(α) · i
!
t(β) = i
!
t(α · β)
in Ak+l−n(|α|t ∩ |β|t).
Proof. A similar result is proved in [Ful98, Corollary 10.1] where both sides of the equation are in
Ak+l−n(Yt), the same argument works in Ak+l−n(|α|t ∩ |β|t). 
2.2. Divisors on toric varieties. Let X(Σ) be the toric variety associated to a fan Σ in NR. The
set of TN -invariant divisors onX(Σ) has an explicit description by the combinatorial informations
of Σ. In the following we list some useful conclusions for later arguments, for more details see
[CLS11, §4,§6]. Denote the group of TN -invariant Weil divisors on X(Σ) by DivTN (X(Σ)).
Any ray ρ ∈ Σ(1) gives a codimension one orbit O(ρ) whose closure is a TN -invariant prime
divisor onX(Σ). We denote this divisor byDρ. Let uρ be the minimal lattice generator of ρ. Recall
thatM is the lattice of characters of TN . We then have:
Proposition 2.2. (1) Divisors of the form D =
∑
ρ∈Σ(1) aρDρ are precisely the divisors that is
invariant under the torus action onX(Σ). In other words we have:
DivTN (X(Σ)) =
⊕
ρ∈Σ(1)
ZDρ ⊆ Div(X(Σ)).
(2)Form ∈M , the corresponding character χm is a rational function on X(Σ) and the associ-
ated divisor is given by:
div(χm) =
∑
ρ∈Σ(1)
〈m,uρ〉Dρ.
(3) We have an exact sequence:
0→M → DivTN (X(Σ))→ Cl(X(Σ))→ 0
where the first map is m→ div(χm). In particular every Weil divisor is rationally equivalent to a
TN -invariant divisor.
(4)The space of global sections of O(D) is given by
Γ(X(Σ),O(D)) =
⊕
m∈PD∩M
K · χm
where PD = {m ∈MR|〈m,uρ〉 ≥ −aρ for all ρ ∈ Σ(1)}.
(5) The divisor D is Cartier if and only if for each σ ∈ Σ there is a mσ ∈ M such that
〈mσ, uρ〉 = −aρ for all ρ ∈ σ(1).
(6) Let D =
∑
ρ∈Σ(1) aρDρ be a cartier divisor on X(Σ), letmσ be as in (5). Then D is ample
if and only if 〈mσ, uρ〉 > −aρ for all σ ∈ Σ(n) and ρ ∈ Σ(1)\σ(1).
On the other hand, for a full dimensional lattice polytope P , we denote by XP the toric variety
of the normal fan of P . Let P1 be the set of full dimensional lattice polytopes and P2 be the set of
pairs (X(Σ),D) such that Σ is a complete fan and D is a torus-invariant ample divisor on X(Σ).
We then have the following relation:
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Theorem 2.3. There is an one-to-one correspondences between P1 and P2 given by maps P 7→
(XP ,DP ) and (X(Σ),D) 7→ PD that are inverses to each other. In particular, if D is an ample
divisor on X(Σ) then Σ is the normal fan of PD.
Here PD is as in Proposition 2.2(4). We won’t use the definition of DP in the sequel, for more
details see [CLS11, §6.1].
2.3. Tropical varieties and the extended tropicalization map. Let ∆ be a unimodular fan in
NR. Associated to ∆ there is a tropical variety NR(∆) = ∪τ∈∆NR(τ) with topology induced
from natural gluing, where NR(τ) = HomR≥0(τ
∨,R ∪ {+∞}). The space NR(∆) satisfies the
following conditions:
(1) NR(∆) contains NR = NR({0}) as an open dense subset and the addition on NR extends
to an action of NR on NR(∆), of which the orbits are of the form HomR≥0(τ
⊥,R) = NR/Rτ .
This gives NR(∆) a stratification by affine linear spaces: NR(∆) =
∐
τ∈∆NR/Rτ . We denote the
orbits by O(τ) for convenience.
(2) Let x ∈ NR be a finite point, and v ∈ NR be a direction vector. Then x + λv converges
for λ → +∞ to a point x ∈ NR/Rτ precisely when v ∈ |∆|, and τ is the unique face which
contains v as an (relative) interior point, in which case x is the image of x under the projection
πτ : R
n → Rn/Rτ .
(3) Let X(∆) be the toric variety associated to ∆. The tropicalization map on TN extends
naturally to trop: X(τ) → NR(τ) for τ ∈ ∆ by the formula 〈u, trop(ξ)〉 = val(x
u(ξ)) (note
that when τ = {0} we get the original tropicalization map trop: TN → NR which is just taking
the valuation of each coordinate). This is compatible with the orbits stratifications of X(∆) and
NR(∆), namely we have trop(O(τ)) = O(τ) where O(τ) denotes the torus orbit of X(∆) that
corresponds to τ . In particular we have the extension trop: X(∆) → NR(∆). Note that for a
subscheme X of TN we have trop(X) = trop(X) where the closures are taken in NR(∆) and
X(∆) respectively.
Example 2.4. Given e1, ..., en a basis of N , and e
′
1, ..., e
′
n ∈ M the dual basis. Let τ = R≥0e1 +
· · ·+ R≥0en. Then τ
∨ = R≥0e
′
1 + · · ·+ R≥0e
′
n, hence X(τ) = A
n and NR(τ) = (R ∪ {+∞})
n,
as in the following diagram when n = 2.
O
•
•
(0,+∞)
•
(+∞, 0)
•
(+∞,+∞)
For (x1, ..., xn) ∈ A
n we have trop(x1, ..., xn) = (val(x1), ..., val(xn)), where we set val(0) =
+∞.
For future reference we also denote V(τ) and V (τ) = trop(V(τ)) the closed orbits correspond
to τ in X(∆) and NR(∆) respectively.
2.4. Miscellaneous. We next list some basic definitions of [OR11] which will be frequently used
later.
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Definition 2.5. Let P be a finite collection of polyhedra in NR and let ∆ be a pointed fan:
(1) The fan∆ is said to be compatible with1 P provided that, for all P ∈ P and all cones σ ∈ ∆,
either σ ⊂ ρ(P ) or relint(σ) ∩ ρ(P ) = ∅.
(2) The fan ∆ is said to be a compactifying fan for P provided that, for all P ∈ P the recession
cone ρ(P ) is a union of cones in ∆.
Definition 2.6. Let P = ∩ri=1{v ∈ NR|〈v, ui〉 ≤ ai}, where ui ∈ M and ai ∈ G, be an integral
G-affine polyhedron in NR. A thickening of P is a polyhedron of the form P
′ = ∩ri=1{v ∈
NR|〈v, ui〉 ≤ ai+ ǫ} for some ǫ > 0 in G. If P is a finite collection of integral G-affine polyhedra,
a thickening of P is a collection of (integral G-affine) polyhedra of the form P ′ = {P ′|P ∈ P}
where P ′ denotes a thickening of P .
Note that if P ′ is a thickening of P then ρ(P ) = ρ(P ′).
Definition 2.7. Let ∆ be an integral fan and let P be a finite union of integral G-affine polyhedra.
A refinement of P is a finite collection of integral G-affine polyhedra P ′ such that every polyhedron
of P ′ is contained in some polyhedron of P, and every polyhedron of P is a union of polyhedra
in P ′. A ∆-decomposition of P is a refinement P ′ of P such that ρ(P ) ∈ ∆ for all P ∈ P ′. A
∆-thickening of P is a thickening of a∆-decomposition of P.
Note that if P ′ is a ∆-thickening of P then |P| ⊆ |P ′|
◦
, where the closures are taken inside
NR(∆).
Definition 2.8. Let X and X ′ be closed subschemes of TN , let C be a connected component of
trop(X) ∩ trop(X ′).
(1) A compacitifying datum for X,X ′ and C consists of a pair (∆,P), where P is a finite
collection of integral G-affine polyhedra in NR such that trop(X) ∩ trop(X ′) ∩ |P| = |C| and ∆
is an integral compactifying fan for P which is compatible with trop(X ′) ∩ P.
(2) ([OR11, Lemma 4.7]) If in addition we have codim(X) + codim(X ′) = n then there exists
a ∆-thickening P ′ of P, a number ǫ > 0 and a cocharacter v ∈ N such that: (a) (∆,P ′) is a
compactifying datum for X,X ′ and C . (b) For all r ∈ [−ǫ, 0) ∪ (0, ǫ] the set (trop(X) + r ·
v) ∩ trop(X ′) ∩ |P ′| is finite and contained in |P ′|◦, and each point lies in the interior of facets of
trop(X) + r · v and trop(X ′). We call the tuple (P ′, ǫ, v) a tropical moving data.
3. TROPICAL INTERSECTION THEORY
Let ∆ be a complete unimodular fan. In this section we define the stable intersection of two
tropical cycles in the tropical variety X = NR(∆), where one of them is compatible with ∆
(or equivalently ∆ is a compactifying fan of one of them). We then prove that our definition of
stable intersection is compatible with the intersection product defined in [Mey11] (up to rational
equivalence).
3.1. Tropical Intersection Product. We first recall some concepts from [Mey11, §2] about inter-
section theory on X . For a treatment of the intersection theory on NR (i.e. ∆ = {0}) where the
intersection product agrees with the stable intersection see [AR10] and [AHR14].
1Note that the compatibility is not symmetric. Fix a fan ∆, we usually say “P is compatible with ∆” but mean that
“∆ is compatible with P ”, this should be clear when P is not necessarily a fan.
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Definition 3.1. Let X = NR(∆) be a tropical variety. A k-cycle on X is a collection
2 α =
(ατ )τ∈∆ where each ατ is the closure of a (formal sum of) balanced weighted polyhedral complex
ατ ⊂ O(τ) of dimension k.
Definition 3.2. A tropical rational function onNR is a continuous piecewise linear function r : NR →
R such that there is a finite cover NR = ∪Pi with polyhedra with rational slopes such that r is in-
tegral affine on each Pi. A tropical rational function on a tropical variety X is a tropical rational
function on its main torus. We denote Rat(X ) the set of tropical rational functions on X .
Definition 3.3. Let r be a tropical rational function on X and τ ∈ ∆. We say r restricts to O(τ)
if the assignment z → lim
x→z
r(x) defines a tropical rational function on O(τ), which we denote by
rτ (z).
Definition 3.4. Let α be a k-cycle on X . A Cartier divisor on α is a finite family ϕ = (Ui, ri) of
pairs of open subsets Ui of |α| and tropical rational functions ri on X satisfying:
(1) The union of all Ui covers |α|.
(2) For every component ατ of α with ατ ⊂ O(τ) and every chart Ui such that Ui ∩ |ατ | 6= ∅
the function ri must restrict to O(τ).
(3) For every component ατ of α with ατ ⊂ O(τ) and all charts Ui and Uj such that Ui ∩ Uj ∩
|ατ | 6= ∅ there is an affine linear tropical rational function d on O(τ) such that r
τ
i − r
τ
j = d on
Ui ∩ Uj ∩ |ατ | and d extends to a continuous function on Ui ∩ Uj .
Note that a tropical rational function is a Cartier divisor on X .
Lemma 3.5. ([Mey11, Lemma 2.46]) Let P be a rational polyhedron and τ ∈ ∆ such that P ′ =
P ∩O(τ) is non-empty and dimP = dimP ′+1. Then there exists a unique primitive lattice vector
vP/P ′ such that
3 −vP/P ′ ∈ N ∩ ρ(P ) ∩ τ .
We call P ′ an infinite cell of P in the case of Lemma 3.5.
Definition 3.6. Let ϕ be a Cartier divisor on a (k + 1)-cycle ατ with ατ ⊂ O(τ) as defined
in Definition 3.4. We construct the intersection product ϕ · ατ as follows: Choose a polyhedral
structure on ατ such that ϕ is linear on every cell of ατ . For each cell P choose rational functions
rP in open charts UP containing P . Let r
′
P denote the linear part of the restriction of rP to P . We
first get a component Eτ with Eτ ⊂ O(τ) whose cells are the codimension one cells Q of ατ with
weight
w(Q) =
∑
Q(P∈ατ
w(P )r′P (vP/Q)− r
′
Q(
∑
Q(P∈ατ
w(P )vP/Q)
where vP/Q is a primitive lattice generator of StarP (Q) and w(P ) is the weight of P in ατ . For
each σ ∈ ∆ with τ ( σ we get a component Eσ where Eσ ⊂ O(σ) consists of infinite cells
P ′ = P ∩O(σ) of P for all P ⊂ ατ such that dim(P ∩O(σ)) = dim(ατ )− 1 with weight:
w(P ′) = w(P )[N(σ)P ′ : NP (σ)]r
′
P (vP/P ′).
Here N(σ)P ′ = πσ(N) ∩ span(P
′) and NP (σ) = πσ(πτ (N) ∩ span(P )). Then ϕ · ατ is defined
as ϕ · ατ =
∑
τ⊂σ Eσ. This is well defined according to [Mey11, Theorem 2.48]. We extend this
definition by linearality to the set of all (k + 1)-cycles α on X .
2In [Mey11] a tropical cycle on X is defined as a collection of cycles ατ on each O(τ ) without taking closures. Here
we use the closures ατ just to be consistent with our later argument. This will not change the intersection theory on X .
3In [Mey11, Lemma 2.46] the vector vP/P ′ is defined as the unique lattice vector such that vP/P ′ ∈ N ∩ ρ(P ) ∩ τ .
However, according to [Mey11, Definition 2.47] and [Mey11, Example 2.49] it is more natural to require −vP/P ′ ∈
N ∩ ρ(P ) ∩ τ .
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Example 3.7. Let ∆ be the complete fan in NR = R
2 whose facet σi is the i-th quadrant for
i = 1, 2, 3, 4. Let ρx, ρ
′
x, ρy, ρ
′
y be the rays of ∆ as below (on the right). We have X = (R ∪
{−∞,+∞})2.
O
•
•
•
•
•
(+∞,+∞)
(−∞,−∞) (+∞,−∞)
(−∞,+∞)
x
y
Q
σ1σ2
σ3 σ4
ρxρ′x
ρy
ρ′y
•
Let ϕ be the tropical rational function on X such that ϕ(x, y) = 0 if x + y ≤ 0 and ϕ(x, y) =
x + y if x + y ≥ 0. We calculate ϕ · X = ϕ · ατ where ατ = NR using symbols in Definition
3.6. Take the polyhedral structure on ατ which contains two facets P+ = {(x, y)|x + y ≥ 0}
and P− = {(x, y)|x + y ≤ 0} and a codimension one cell Q = {(x, y)|x + y = 0}. We have
UP+ = UP− = NR(∆) and rP+ = rP− = ϕ, and r
′
P+
(x, y) = x + y and r′P−(x, y) = 0.
Restricting to Q we have r′P+ = r
′
P−
= r′Q = 0.
We have Eτ = Q. To calculate the weight ofQ note that w(P+) = w(P−) = 1, and we can pick
vP+/Q = (0, 1) and vP−/Q = (0,−1). It follows that w(Q) = r
′
P+
(vP+/Q) + r
′
P−
(vP−/Q) = 1.
There are four infinite cells to consider: Px = O(ρx) and Py = O(ρy) are contained in the
closure of P+ while P
′
x = O(ρ
′
x) and P
′
y = O(ρ
′
y) are contained in the closure of P−. In order
to calculate w(Px) and w(Py), we first take vP+/Px = (−1, 0) and vP+/Py = (0,−1). One also
checks that N(ρx)Px = πρx(N) and NP+(ρx) = πρx(N ∩ span(P+)) = πρx(N) = N(ρx)Px ,
and similarly NP+(ρy) = N(ρy)Py . Thus we have w(Px) = r
′
P+
((−1, 0)) = −1 and w(Py) =
r′P+((0,−1)) = −1. Similarly, taking vP−/P ′x = (1, 0) and vP−/P ′y = (0, 1), we have w(P
′
x) =
w(P ′y) = 0.
It follows that Eρx = −O(ρx) and Eρy = −O(ρy) and Eρ′x = 0 and Eρ′y = 0. Hence ϕ ·X =
Q− V (ρx)− V (ρy).
Remark 3.8. In [AR10] a similar notion of the intersection product between a tropcical rational
function on O(τ) (up to translation by a linear function on O(τ)) and a cycle in O(τ) is defined,
which we denote by “·τ”. In Definition 3.6, if ϕ is a Cartier divisor on V (τ), then it induces a
tropical rational function ϕτ on O(τ) (again up to translation by a linear function). We then have
Eτ = ϕτ ·τ ατ , which is also equal to the stable intersection of ϕτ ·τ O(τ) and ατ inside O(τ).
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Definition 3.9. Let X = NR(∆) be a tropical variety. Let Zk(X ) be the group of k-cycles on X .
We define subgroups:
Rk(X ) = spanZ{r · C|r ∈ Rat(X ), C ∈ Zk+1(X )}
R′k(X ) = spanZ{f∗(C)|f : Y → X toric morphism, C ∈ Rk(Y )}.
Then the k-th Chow group of X is Ak(X ) = Zk(X )/R
′
k(X ). A tropical k-cycle α is rationally
equivalent to β, denoted by [α] = [β], if α− β ∈ R′k(X ).
Here f∗ is the pushforward of tropical cycles, see [Mey11, Definition 2.51] for its definition.
According to [Mey11, Remark 2.68] every cycle on X is rationally equivalent to a sum of products
of Cartier divisors (with X ). This defines an intersection product:
“ ∗ ”: An−k(X )×An−l(X )→ An−k−l(X )
which makes A∗(X ) a graded ring. More precisely, if [α] = [ϕ1 · · ·ϕk · X ] ∈ An−k(X ) and
[β] ∈ An−l(X ), then [α] ∗ [β] = [ϕ1 · · ·ϕk · β] ∈ An−k−l(X ).
Note that this intersection product of two cycles α and β with α, β ⊂ NR does not necessarily
coincide with the closure of the stable intersection α · β, except that ∆ is compatible with one of α
and β (Lemma3.18). The main reason is that, unlike stable intersection, passing to the product with
a cartier divisor may create cycles supported on the boundary. See the example below.
Example 3.10. Consider the same ∆ and same figure as in Example 3.7. Let α = Q ⊂ NR be
the line defined by x + y = 0 with multiplicity one. We have [α] = [V (ρx)] + [V (ρy)] by loc.cit..
Obviously the closure of the stable intersection of α and itself is empty. We now calculate [α] ∗ [α].
Consider the Cartier divisor ϕ = (Ui, ri)1≤i≤4 where Ui = ∪τ⊂σiO(τ) = NR(σi). Let r1(x, y) =
−x−y and r2(x, y) = −y and r3(x, y) = 0 and r4(x, y) = −x. Straightforward calculation shows
that ϕ ·X = V (ρx) + V (ρy), hence [α] ∗ [α] = [ϕ · α] = [(−∞,+∞) + (+∞,−∞)].
In addition, every cycle on X is rationally equivalent to a formal sum of closed NR-orbits
([Mey11, Theorem 2.59]) as well as a formal sum of closures of subfans of ∆ ([Mey11, Lemma
2.66]). As a result we have:
Theorem 3.11. ([Mey11, Corollary 2.67]) We have group isomorphisms:
A∗(X(∆))
ϕ
−→MW∗(∆)
φ
−→ A∗(NR(∆)).
Here MW∗(∆) is the ring of Minkowski weights on ∆, see [FS94] for the construction of ϕ.
See also [OP13, §2] for an illustration of φ. Note that φ is actually a ring isomorphism (Lemma
3.18) and that the composition φ ◦ ϕ is indeed (at least when X(∆) is projective) induced by the
tropicalization map, see Lemma 5.6.
3.2. Compactified stable intersection with certain tropical cycles. In general it is not obvious
to define the stable intersection for two arbitrary cycles in X . A basic issue is that taking limits
of perturbed intersections does not work in the compactified case. For example any translation of
a line in TP3, the tropical projective space of dimension 3, which passes through (+∞,+∞,+∞)
still passes through the same point, but we expect them to have empty intersection.
However, we are able to define the compactified stable intersection for a restricted class of cycles,
namely cycles that are compatible4 with∆, hence have the same codimension in every affine strata
O(τ) ⊂ X . Before we state the definition some balancing and compatibility conditions need to be
checked:
4If∆ is not complete we may restrict to cycles of which ∆ is a compactifying fan.
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Lemma 3.12. Let Σ be a polyhedral complex in Rn which is compatible with ∆ and let τ ∈ ∆.
Then one can choose polyhedral structures on Σ and Σ ∩ O(τ) such that there is a one-to-one
correspondence induced by πτ between faces of Σ whose recession cones contain τ and faces of
Σ ∩O(τ).
Proof. First we take a refinement of Σ such that for any σ ∈ Σ we have ρ(σ) ∈ ∆. This is possible
since ∆ is compatible with Σ, and we can refine the structure on Σ such that σ ∩ δ is a face of Σ
for all σ ∈ Σ and δ ∈ ∆. It follows from Lemma 3.9 of [OR11] that
Σ ∩O(τ) =
⋃
σ∈Σ,τ⊂ρ(σ)
πτ (σ).
Take σ ∈ Σ a face such that τ ⊂ ρ(σ), then we have σ =
⋂
ui∈I
{x ∈ Rn|〈x, ui〉 ≥ bi} where
I ⊂ τ∨ is a finite set. It follows that σ + Rτ =
⋂
ui∈I∩τ⊥
{x ∈ Rn|〈x, ui〉 ≥ bi} and
πτ (σ) = πτ (σ + Rτ) =
⋂
ui∈I∩τ⊥
{y ∈ Rn/Rτ |〈y, ui〉 ≥ bi}
This is a polyhedron in Rn/Rτ and will be considered as a face of πτ (Σ). We need to show that
πτ (σ) are compatible for all σ ∈ Σ such that τ ⊂ ρ(σ).
Note that faces of πτ (σ) are of the form
FJ =
⋂
ui∈(I∩τ⊥)\J
{y ∈ Rn/Rτ |〈y, ui〉 ≥ bi}
⋂ ⋂
ui∈J
{y ∈ Rn/Rτ |〈y, ui〉 = bi}
where J is a subset of I ∩ τ⊥. The preimage of FJ in σ is
EJ =
⋂
ui∈I\J
{x ∈ Rn|〈x, ui〉 ≥ bi}
⋂ ⋂
ui∈J
{x ∈ Rn|〈x, ui〉 = bi}.
This is an one-to-one correspondence from faces of πτ (σ) to faces of σ whose recession cone
contains τ .
To complete the proof notice that if σ1, σ2 ∈ Σ are two faces then πτ (σ1)∩πτ (σ2) = π(σ1∩σ2)
since their recession cones all contain τ . It follows that τ ⊂ ρ(σ1)∩ ρ(σ2) = ρ(σ1 ∩σ2) and hence
πτ (σ1 ∩ σ2) is a face of both πτ (σ1) and πτ (σ2) due to the argument above. 
Note that the correspondence in Lemma 3.12 preserves codimension of every face, in particular
we get an induced weight for every maximal face of Σ ∩ O(τ). The following proposition follows
directly:
Proposition 3.13. Let Σ ⊂ Rn be a tropical cycle which is compatible with∆, let τ ∈ ∆ be a face.
Then Σ ∩O(τ) is a tropical cycle in O(τ) with the induced structure from Σ.
We are now able to define the compactified stable intersections in this special situation:
Definition 3.14. Let Σ be a tropical cycle in Rn such that ∆ is compatible with Σ. Let γ ⊂ O(τ)
for some τ ∈ ∆. We define the compactified stable intersection of Σ and γ and denote by γ ·c Σ to
be the closure of the stable intersection of Σ ∩O(τ) and γ as tropical cycles on O(τ).
Intuitively the stable intersection is a right action of the multiplicative group of tropical cycles
compatible with ∆ on the group of usual tropical cycles. Next we check the associativity of this
action.
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Proposition 3.15. Let Σ1,Σ2 be tropical cycles in R
n compatible with ∆ and of codimensions l
andm respectively. Let τ ∈ ∆ be a face of dimension d. Then we have
Σ1 · Σ2 ∩O(τ) = (Σ1 ∩O(τ)) · (Σ2 ∩O(τ))
as tropical cycles in O(τ). In particular for any tropical cycle γ ⊂ X we have the asociativity:
(γ ·c Σ1) ·c Σ2 = γ ·c (Σ1 ·c Σ2).
Proof. Take refinement of Σi such that for σi ∈ Σi we have ρ(σi) ∈ ∆ and σ1 ∩ σ2 is a face of
both Σ1 and Σ2 (first refine Σ1 as in Lemma 3.12 and then take intersections of faces of Σ1 and
Σ2). The induced structure on Σi ∩ O(τ) also satisfies that δ1 ∩ δ2 is a face of Σi ∩ O(τ) for all
δi ∈ Σi ∩O(τ) and i = 1, 2.
It is easy to check that, with the induced structure, the correspondence in Lemma 3.12 between
Σ1 ∩ Σ2 and (Σ1 ∩O(τ)) ∩ (Σ2 ∩O(τ)) is still valid. We then have (set-theoretically):
Σ1 · Σ2 ∩O(τ) =
⋃
σi∈Σi and dim(σ1+σ2)=n
σ1 ∩ σ2 ∩O(τ)
=
⋃
σi ∈ Σi and τ ⊂ ρ(σi)
dim(σ1 + σ2) = n
πτ (σ1 ∩ σ2)
=
⋃
σi ∈ Σi and τ ⊂ ρ(σi)
dim(σ1 + σ2) = n
πτ (σ1) ∩ πτ (σ2)
=
⋃
δi ∈ (Σi ∩ O(τ))
dim(δ1 + δ2) = n− d
δ1 ∩ δ2
= (Σ1 ∩O(τ)) · (Σ2 ∩O(τ)).
On the other hand, for any δ ∈ (Σ1 ∩O(τ)) ∩ (Σ2 ∩O(τ)) of codimension l +m in O(τ) and
σ ∈ Σ1 ∩Σ2 with πτ (σ) = δ, we have Star(σ,Σi) = Star(δ,Σi ∩O(τ))× Rτ and hence
i(σ,Σ1 · Σ2) = i(δ, (Σ1 ∩O(τ)) · (Σ2 ∩O(τ)))

Given a tropical cycle Σ ⊂ NR such that σ ∈ Σ implies ρ(σ) ∈ ∆, according to [AHR14,
Definition 5.1], there is a natural balanced structure on ρ(Σ) where the weight of τ ∈ ρ(Σ) is
defined by:
m(τ) =
∑
σ∈Σ,ρ(σ)=τ
m(σ).
Lemma 3.16. If ∆ is compatible with Σ, then ρ(Σ ∩ O(τ)) = ρ(Σ) ∩ O(τ) as tropical cycles on
O(τ).
Proof. Let σ ∈ Σ, note that if τ ⊂ ρ(σ) then πτ (ρ(σ)) = ρ(πτ (σ)). The lemma follows directly
from Lemma 3.12 and the definition of structures on the recession fans. 
It turns out that, in the compactified sense, intersecting with Σ is numerically the same as inter-
secting with ρ(Σ) when the two tropical cycles have complementary codimension:
Proposition 3.17. Let Σ and γ be as in Definition 3.14. Assume dim(Σ) + dim(γ) = n. We have
deg(γ ·c Σ) = deg(γ ·c ρ(Σ)).
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Proof. Follows from Lemma 3.16 and [AHR14, Theorem 5.3] 
. We are now able to check the compatibility of the compactified stable intersection “·c” and the
intersection product “∗”:
Lemma 3.18. If β ⊂ NR is a tropical cycle which is compatible with ∆ and α ⊆ O(τ), then
[α] ∗ [β] = [α ·c β].
Proof. First assume |β| = |∆(n − 1)|. Then we can find a cartier divisor ϕ such that ϕ ·X = β.
Indeed, assume [β] =
∑
ρ∈∆(1) aρ[V (ρ)]. Let f be the support function on∆ such that f(uρ) = aρ
where uρ as in §2.2. Then f · X = F −
∑
aρV (ρ) where F is a codimension one subfan of
∆. Hence [F ] =
∑
aρ[V (ρ)], and Theorem 3.11 implies that β = F as tropical cycles. For all
σ ∈ ∆(n) take a (unique) mσ ∈M such that f |σ = 〈 · ,mσ〉. Now let ϕ = (Uσ, rσ)σ∈∆(n) where
Uσ = ∪τ≺σO(τ) and rσ = f − 〈 · ,mσ〉. Note that rσ is zero on σ. Straightforward calculation
shows that β = ϕ · X (all infinite cells have weight zero) and, using symbols in Remark 3.8, we
have β ∩O(τ) = ϕτ ·τ O(τ) as tropical cycles on O(τ). Now by loc.cit. we have
[β] ∗ [α] = [ϕ · α] = [
∑
τ⊂σ
Eσ] = [Eτ ] = [ϕτ ·τ α] = [β ·c α].
The associativity of “∗” and “·c” guarantees that the conclusion is true for β any cycle of subfans
of ∆. In particular the morphism φ in Theorem 3.11 is a ring isomorphism.
For the general case note that Theorem 3.11 and Proposition 3.17 shows that [β] = [ρ(β)]. Hence
we have:
[α] ∗ [β] = [α] ∗ [ρ(β)] = [α ·c ρ(β)] = [α ·c β].
One can check the last equality by counting the degree of the intersection products of both side with
all cycles γ where γ is a subfan of ∆ of suitable codimension, which, as we already showed, is the
same as the degree of α ·c ρ(β) ·c γ and α ·c β ·c γ respectively. 
4. THE COMPLEMENTARY CODIMENSION CASE
In this section we assume that we are given two closed subschemes X and X ′ of TN which are
of complementary codimension but possibly have positive dimensional intersection. In this case
X · X ′ is a zero dimensional cycle class whose degree is not well-defined in general. We show
that, after a suitable compactification and restriction to a component C of trop(X)∩ trop(X ′), the
degree above is invariant under rational equivalence, and is equal to the corresponding intersection
number on the tropical side.
Let (∆,P) be a compactifying datum for X,X ′ and C . Let (P ′, ǫ, v) be a tropical moving data
for (∆,P). We then have([OR11, Corollary 4.8]):
Lemma 4.1. In the situation above we have
trop(X) ∩ trop(X ′) ∩ |P ′| = C ⊂ |P| ⊂ |P ′|
◦
and for all r ∈ [−ǫ, 0) ∪ (0, ǫ] we have
trop(X) + r · v ∩ trop(X ′) ∩ |P ′| = (trop(X) + r · v) ∩ trop(X ′) ∩ |P ′| ⊂ |P ′|◦ ⊂ |P ′|
◦
where all closures are taken in NR(∆).
Let ZC be the union of irreducible components of X ∩ X
′
whose tropicalization intersects C,
where X and X
′
are closures of X and X ′ in X(∆) respectively. We claim that ZC is a union
of connected components of X ∩ X
′
, hence has a natural scheme structure which is in particular
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flat over X ∩ X
′
. Indeed, according to Lemma 4.1 we know C is a connected component of
trop(X)∩trop(X ′), and the claim follows from the fact that the tropicalization of every irreducible
component of X ∩X
′
is a connected set. In particular trop(ZC) ⊆ C .
Moreover, [OR11, Corollary 4.17] shows that ZC is proper over the ground field, hence there is a
well-defined degree of every cycle class of dimension zero on ZC . In the following we take P = C
with the induced polyhedral complex structure. It follows that (∆,P) is a compactifying datum if
∆ is a compactifying fan for C:
Situation 4.2. Let X and X ′ be closed subschemes of TN of pure dimension k and l respectively,
where k + l = n. Let C be a connected component of trop(X)∩trop(X ′). Let ∆ be a unimodular
compactifying fan for C , let iC : ZC → X ∩X
′
be the inclusion.
Theorem 4.3. In Situation 4.2, we have∫
ZC
i∗
C
(X ·X
′
) =
∑
u∈C
i(u, trop(X) · trop(X ′))
where X ·X
′
is the refined intersection product.
Proof of Theorem 4.3. As in [OR11] the idea is to approach X ·X
′
(resp. trop(X) · trop(X ′)) by
X · zX
′
(resp. trop(X) · trop(zX ′)) where z ∈ TN such that trop(zX
′) = val(z) + trop(X ′) is
a small perturbation of trop(X ′).
Consider the action µ : Gm × X(∆) → X(∆) of Gm on X(∆) given by µ(t, x) = v(t) · x.
Let p1 : Gm × X(∆) → Gm and p2 : Gm × X(∆) → X(∆) be the two projections. Denote
X = (p1, µ)(Gm ×X) and X
′ = Gm ×X
′
.
Note Gm is a nonsingular variety of dimension 1, and Z = Gm ×X(∆) is smooth over Gm of
relative dimension n, and [X] ∈ Ak+1(Z) and [X
′] ∈ Al+1(Z). Now by Lemma 2.1 we have for
t ∈ Gm the equality i
!
t[X] · i
!
t[X
′] = i!t([X] · [X
′]) ∈ A0(Xt∩X
′
t) where it : t →֒ Gm is the inclusion.
Since X → Gm and X
′ → Gm are flat morphisms, we know by excess intersection formula
that i!t[X] = [Xt] and i
!
t[X
′] = [X′t]. On the other hand, assume [X] · [X
′] =
∑
ai[αi] where
αi ∈ A1(X ∩ X
′) are subvarieties. If αi ⊂ Zt0 = X(∆) for some t0 ∈ Gm, then (αi)t = αi or
∅, in both cases we have i!t(α) = 0 by definition. Moreover since Z is flat over Gm, we have that
iZt : Zt →֒ Z is a regular embedding of codimension one and i
!
t(γ) = i
!
Zt
(γ) = Zt · γ in A∗(γt)
for γ any subscheme of Z . Put these all together we get:
[Xt] · [X
′
t] =
m∑
i=1
ai[αi] · [Zt] in A0(Xt ∩ X
′
t) (1)
where αi are subvarieties of X∩X
′ of dimension 1 which intersect properly with Zt for all t ∈ Gm.
We next show that
∫
(Xt∩X′t)|P′|
Xt·X
′
t is constant for twith valuation in [−ǫ, ǫ], where (Xt∩X
′
t)|P ′|
is the part of Xt ∩ X
′
t that tropicalize to |P
′|. Again this number is well-defined according to the
discussion below Lemma 4.1. More generally we claim that under the same assumption of t, the
number
∫
(Xt∩X′t)|P′|
[α]·[Zt] is constant for subvarieties α ofX∩X
′ of dimension one which intersect
properly with Zt for all t ∈ Gm.
Let Sǫ = val
−1[−ǫ, ǫ] ⊂ Ganm and U
P ′ = trop−1(|P ′|) ⊂ X(∆)an. Let Yα = α
an ∩ (Sǫ×U
P ′).
We have:
Yα = α
an ∩ (Sǫ ×X(∆)
an) ∩ (Sǫ × U
P ′) = αan ∩ (Sǫ ×X(∆)
an) ∩ (trop ◦ p2)
−1(|P ′|
◦
)
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since α is supported inX∩X′. Thus Yα is a union of connected components of α
an∩(Sǫ×X(∆)
an),
and is Zariski closed in Sǫ × X(∆)
an and hence proper over Sǫ by ([OR11, Proposition 4.16]).
Denote Sǫ × U
P ′ by Z , it follows from [OR11, Proposition 5.7] that:∫
(Xt∩X′t)|P′|
α · Zt =
∑
x∈Yα∩Zt
i(x,Yα · Zt;Z).
Wewill use [OR11, Proposition 5.8]. Look at the projection map f : Sǫ×Z → Sǫ and the Zariski
closed subspaces X = Sǫ × Yα and X
′ = ∆(Sǫ) × U
P ′ where ∆(Sǫ) is the diagonal of Sǫ × Sǫ.
It is easy to see that both X and X ′ are flat over Sǫ, and Z is an analytic domain in Sǫ ×X(∆)
an,
hence quasi-smooth. It follows that f is quasi-smooth and so is Sǫ ×Z since Sǫ is quasi-smooth.
To show X ∩X ′ is finite over Sǫ, according to the following fibered diagram we have X ∩X
′ ≃
Yα.
X ∩ X ′ Sǫ × Yα Yα
∆(Sǫ)× U
P ′ Sǫ × Sǫ × U
P ′ Sǫ × U
P ′ .
Hence X ∩X ′ is proper over Sǫ. Moreover (X ∩X
′)t ≃ Yα ∩Zt is finite, since α ∩Zt is finite. It
follows thatX∩X ′ is finite over Sǫ. Now by [OR11, Proposition 5.8] we know that
∫
(Xt∩X′t)|P′|
α·Zt
is constant for t ∈ val−1([−ǫ, ǫ]). The theorem follows from [OR11, Theorem 6.3] since trop(Xt)
intersects trop(X′t) properly for t ∈ val
−1([−ǫ, 0) ∪ (0, ǫ]). 
Example 4.4. Let X = X ′ be the plane curves in T = SpecK[x±, y±] defined by the equation
f(x, y) = axn + by + 1 = 0 with val(a) = val(b) = 0. The tropicalization trop(X) equals the
union of rays R1 = R≥0 · e1 and R2 = R≥0 · e2 and R3 = R≥0 · (−e1 − ne2). These rays have
multiplicities 1, n and 1 respectively as showed in the diagram below.
1
n
1
Let ∆ be the complete fan generated by the rays ρ1 = (1, 0), ρ2 = (0, 1), ρ3 = (−1,−n), ρ4 =
(0,−1) and let Di, i = 1, 2, 3, 4 be the corresponding torus-invariant divisor. Then ∆ is a smooth
compactifying fan for trop(X) and X(∆) is a Hirzebruch Surface. For generic choices of a and b
we have div(f) = X − nD3 − D4 and hence [X ] = nD3 + D4 as cycle classes. According to
Theorem 4.3 we have
iK(X ·X
′
,X(∆)) = i(0, trop(X) · trop(X)) = n
which is the same as the degree of (nD3 +D4) · (nD3 +D4).
Remark 4.5. Note that if trop(X)∩ trop(X ′) contains only one component C , and∆ is also com-
patible with either trop(X) or trop(X ′) and X(∆) is a smooth projective variety, as in Example
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4.4, then Theorem 4.3 is the same as saying that deg([X ] · [X
′
]) = deg([trop(X)] ∗ [trop(X
′
)])
(Lemma 5.6). For two reasons: (1) all points of X ∩X
′
tropicalize to C (cf. [OR11, Proposition
3.12], take P = trop(X) or trop(X ′)), and (2) the degree of [trop(X)] ∗ [trop(X
′
)] is the same
as the degree of trop(X) · trop(X ′) (cf. Lemma 3.18). This is not true in general, see the example
below.
Example 4.6. Let X,X ′ be curves in T 2 defined by f(x, y) = ax2 + xy + ay2 + x + y + a and
g(x, y) = x+ y + a respectively, where a ∈ K such that val(a) = 1. Then trop(X) and trop(X ′)
are as in the following graph, where the red part is the unique component C of trop(X)∩trop(X ′).
(0, 0)
(1, 1)
(0,−1)
(−1, 0)
trop(X)
trop(X ′)
Let ∆ be the complete fan whose facets are all quadrants of the plane, which is not compatible
with trop(X) or trop(X ′). Then X(∆) = P1 × P1 and X and X
′
are curves of type (2, 2)
and (1, 1) respectively, and NR(∆) = (R ∪ {−∞,+∞})
2. Straightforward calculation shows
that deg([trop(X)] ∗ [trop(X
′
)]) = deg([X ] · [X
′
]) = 4 but
∫
ZC
i∗
C
(X · X
′
) = deg(trop(X) ·
trop(X ′)) = 2. One checks easily that X ∩X ′ contains two points, counted with multiplicity, that
tropicalize to (1, 1), while (X ∩X
′
)\T 2 contains two points that tropicalize to (−∞,−∞) 6∈ C.
Using the same definition and argument as in [OR11, Theorem 6.10] we generalize Theorem 4.3
as follows:
Situation 4.7. LetX1, ...,Xm be pure-dimensional closed subschemes of T with
∑
codim(Xi) =
n andm ≥ 2. Let C be a connected component of trop(X1)∩· · ·∩ trop(Xm) and∆ a unimodular
compactifying fan for C .
Theorem 4.8. In Situation 4.7 let ZC be the union of irreducible components of ∩iXi which tropi-
calize to C , and iC : ZC →֒ ∩iXi be the inclusion. We have:∫
ZC
i∗
C
(X1 · · ·Xm) =
∑
u∈C
i(u, trop(X1) · · · trop(Xm))
where X1 · · ·Xm is the refined intersection product.
Remark 4.9. Note that Theorem 4.3 (resp. Theorem 4.8) can be easily generalized to the case where
C is a collection of connected components of trop(X) ∩ trop(X ′) (resp. ∩itrop(Xi)).
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5. THE HIGHER DIMENSIONAL CASE
In this section we restate and prove Theorem 1.2, where X · X ′ is a cycle class of possibly
positive dimension. For technical reasons we require the ambient space X(∆) to be projective, in
which case the (n− 1)-skeleton of ∆ is a tropical hypersurface. This is possible up to a refinement
of ∆ due to the toric Chow lemma and the projective resolution of singularities ([CLS11, Theorem
11.1.9]). In this case as a first approach we can consider the degree of X · X
′
(after restricting to
a component of trop(X) ∩ trop(X ′)) as a cycle class in a projective space, this is indeed equal to
the degree of trop(X) · trop(X ′) (after restricting to the same component of trop(X)∩ trop(X ′))
intersecting with certain tropical hypersurfaces in NR. Note that in this case ∆ is complete, hence
being compatible with a polyhedron is equivalent to being a compactifying fan of that polyhedron.
Situation 5.1. LetX andX ′ be closed subschemes of TN of pure dimensions k and l respectively.
Let C be a connected component of trop(X)∩trop(X ′). Let ∆ be a compactifying fan for C such
that X(∆) is smooth and projective. Let iC : ZC → X ∩ X
′
be the inclusion of the union of
irreducible components of X ∩X
′
whose tropicalization intersects C (as in Situation 4.2).
Given ∆ a compactifying fan for P = C , we can still find a ∆-thickening P ′ of P such that
(∆,P ′) is a compactifying datum for X,X ′ and C . It follows that we still have
trop(X) ∩ trop(X ′) ∩ |P ′| = C ⊂ |P| ⊂ |P ′|
◦
.
Hence as in Situation 4.2 ZC is an open and closed subscheme of X ∩ X
′
and the restriction
i∗
C
(X ·X
′
) in Ak+l−n(ZC) is well-defined.
Take a fan ∆ with X(∆) smooth and projective. Let D be a torus-invariant ample divisor5 on
X(∆). We can write D =
∑
ρ∈Σ(1) aρDρ. For σ ∈ ∆(n) we take mσ ∈ M which satisfies the
condition of Proposition 2.2 (5), hence mσ is uniquely determined by D and D is also determined
by {mσ}σ∈Σ(n). It follows from Proposition 2.2(6) that {mσ}σ∈∆(n) are all vertices of PD.
Now the set of sections {χm|m ∈ PD ∩M} gives a closed immersion ofX(∆) into P
s−1 where
s is the order of this set. In order to calculate the degree of i∗
C
(X ·X
′
), note that this is essentially
the same as intersecting k+ l−n times with a hyperplane in Ps−1, hence with a hyperplane section
L ⊂ X(∆) that intersects TN . We can use Theorem 4.8 to get a combinatorial result, as long as
that ∆ is a compactifying fan of (components of) C ∩ trop(L ∩ TN ).
Lemma 5.2. Given ∆ and D as above, there exists a hypersurface H = V (f) ⊆ TN such that H
is a hyperplane section of X(∆) with respect toD and trop(H) = |∆(n− 1)|.
Proof. Consider the regular functions
f =
∑
σ∈∆(n)
aσχ
mσ ∈ K[M ] ∩ Γ(X(Σ),O(D)) where val(aσ) = 0 for all σ ∈ ∆(n).
Let H = V (f) ⊆ T . According to Proposition 2.2(6), for generic choice of {aσ} we have
0 = div(f) = H −
∑
ρ∈∆(1)
aρDρ = H −D ∈ Cl(X(∆)).
Hence H = D as a divisor class.
5Note that on a smooth complete toric variety ample is equivalent to very ample.
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On the other hand, since val(aσ) = 0, the corresponding regular subdivision of Newton polygon
PD of f is trivial. Thus trop(H) is dual to PD by [MS15, Lemma 3.4.6], in other words trop(H) =
|∆(n− 1)|. 
Remark 5.3. Note that according to loc.cit. for σ ∈ ∆(n − 1) the multiplicity of σ in trop(H) is
the lattice length of the edge with end points mσ1 andmσ2 , where σ ⊆ σ1, σ2 ∈ ∆(n).
Lemma 5.4. In Situation 5.1, for any T -invariant ample divisors D1, ...,Dk+l−n onX(∆) and the
corresponding hyperplane sections H1, ...,Hk+l−n constructed as above, we have
∫
X(∆)
i∗
C
(X ·X
′
) ·H1 · · ·Hk+l−n =
∑
u∈C
i(u, trop(X) · trop(X ′) · trop(H1) · · · trop(Hk+l−n))
where the product on the left is taken inside X(∆), and i∗
C
(X · X
′
) is considered as a cycle class
on X(∆) by pushing forward from ZC .
Proof. We first claim that∫
X(∆)
i∗
C
(X ·X
′
) ·H1 · · ·Hk+l−n =
∫
X(∆)
i∗
C
(X ·X
′
·H1 · · ·Hk+l−n).
Indeed, consider the following diagram:
ZC ∩H1 ZC
X ∩X
′
∩H1 X ∩X
′
H1 X(∆)
iH1 iC
i1
and note that iC is an open immersion, hence flat, we have
i∗
C
(X ·X
′
) ·H1 = i
!
1(i
∗
C
(X ·X
′
)) = i∗
H1
(i!1(X ·X
′
)) = i∗
H1
(X ·X
′
·H1).
Since iH1 is also a open immersion and flat, we get the desired equation by induction.
Now note that ZC ∩ (∩
k+l−n
i=1 H i) = {x ∈ X ∩ X
′
∩ (∩k+l−ni=1 H)|trop(x) ∈ C} = {x ∈
X ∩ X
′
∩ (∩k+l−ni=1 H)|trop(x) ∈ C ∩ (∩
k+l−n
i=1 trop(H i)) and that C ∩ (∩
k+l−n
i=1 trop(H i)) =
C ∩ (∩k+l−ni=1 trop(Hi)) = C ∩ |∆(n− 1)| by [OR11, Lemma 3.10]. This is the closure of a union
of connected components of trop(X) ∩ trop(X ′) ∩ (∩k+l−ni=1 trop(Hi)). It is easy to check that ∆
is a compactifying fan for C ∩ |∆(n − 1)|. Now the conclusion follows from Theorem 4.8:∫
X(∆)
i∗
C
(X ·X
′
·H1 · · ·Hk+l−n) =
∑
u∈C∩∆(n−1)
i(u, trop(X) · trop(X ′) · trop(H1) · · · trop(Hk+l−n))
=
∑
u∈C
i(u, trop(X) · trop(X ′) · trop(H1) · · · trop(Hk+l−n)).

Setting H1 = H2 = · · · = Hk+l−n we have the following corollary, which is an analogue of
Theorem 4.3:
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Corollary 5.5. In Situation 5.1, for any T -invariant ample divisor D on X(∆), under the embed-
ding X(∆)→ Ps−1 induced by D we have
deg(i∗
C
(X ·X
′
)) =
∑
u∈C
i(u, trop(X) · trop(X ′) · (∆(n− 1))k+l−n)
where the multiplicities of facets of ∆(n− 1) is given as in remark 5.3.
Proof. Let H be the corresponding hypersurface in TN as before. Let H˜ be a hyperplane in P
s−1
such that H˜ ∩ X(∆) = H (the closure of H in X(∆)). Then intersecting with H˜ in Ps−1 is
essentially the same as intersecting with H in X(∆): consider the fiber product:
H X(∆)
H˜ Ps−1,
iH
i
H˜
for a closed subvariety α of X(∆) we have α · H˜ = i!
H˜
([α]) = i!
H
([α]) = α · H where the first
intersection product is in Ps−1 while the last one is in X(∆). Hence the corollary follows from
Lemma 5.4. 
The following lemma is a complement of Theorem 3.11:
Lemma 5.6. If X(∆) is smooth and projective then the isomorphism
φ ◦ ϕ : A∗(X(∆))→ A∗(NR(∆))
in Theorem 3.11 is induced by the tropicalization map.6
For [α] ∈ A∗(X(∆)) by trop([α]) we mean the tropicalization of any representative of α as a
sum of irreducible closed subschemes of X(∆). More specifically, let β be an irreducible closed
subscheme of X(∆) and V(τ) ∼= X(Star∆(τ)) be the maximal closed torus orbit that contains β
as a closed subset. Write [β] = a[β′] where β′ is reduced irreducible, hence a closed subscheme of
V(τ). We then define trop([β]) = trop(β′) with multiplicities equal to a times the multiplicities of
trop(β′ ∩O(τ)). Note that although our notation is non-standard, the following theorem/corollary
does not depend on the choice of representative.
Proof of Lemma 5.6. Let α be an reduced irreducible closed subscheme ofX(∆), we need to show
that ϕ([α]) = φ−1([trop(α)]). First assume α = Dρα is a torus-invariant divisor, hence trop(α) =
V (ρα). We have ϕ([α]) = mα wheremα(τ) = deg([α] · [V(τ)]) for all τ ∈ ∆(n−1). On the other
hand let f be the support function on ∆ defined by f |σ = 〈 · ,mσ〉 for σ ∈ ∆(n) and mσ ∈ M
such that f(uρ) = −1 if ρ = ρα and f(uρ) = 0 otherwise, where uρ is the lattice generator of
ρ ∈ ∆(1). Then f · NR(∆) = V (ρα) − F where F is a subfan of ∆ of codimension one with
weights
m′α(τ) =


0 if ρα + τ 6∈ ∆(n),
1 if ρα + τ ∈ ∆(n),
−〈uρ1 ,mσ2〉 if ρα ∈ τ.
6Note that a more general case, where ∆ is only assumed to be complete unimodular, is considered in [Mey11, The-
orem 3.21]. However, it appears that the argument in its proof is using (without proof) that deg(trop(X) · trop(X ′)) =
deg([trop(X)] ∗ [trop(X ′)]) when trop(X) and trop(X ′) are of complementary codimension and intersect transver-
sally and the intersection trop(X) ∩ trop(X ′) is supported on NR. This is not obvious to the author, hence we sketch
the proof in our special situation for completeness.
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where σ1 and σ2 are the two maximal faces of∆ that contain τ and ρi ∈ σi(1)\τ(1). It then follows
that φ−1([trop(α)]) = m′α and one checks directly thatmα = m
′
α.
Next let α = H be as in Lemma 5.2. We have [α] =
∑
aρDρ and [trop(α)] =
∑
aρ[V (ρ)] (by
Remark 5.3 and looking at the support function defined by {mσ} corresponding to D in Lemma
5.2). Thus ϕ([α]) = φ−1([trop(α)]). The same is true for α = gH for any g ∈ TN .
Now let α be an arbitrary irreducible closed subscheme of X(∆) of dimension k that intersects
TN . Given ample divisors H1, ...,Hn−k as in Lemma 5.2. Take g1, ..., gn−k ∈ TN such that
trop(α), trop(g1H1), ..., trop(gn−kHn−k) intersect properly, and trop(α) ∩ trop(g1H1) ∩ · · · ∩
trop(gn−kHn−k) = trop(α) ∩ trop(g1H1) ∩ · · · ∩ trop(gn−kHn−k) ([OR11, Lemma 3.10]). It
follows from [OP13, Theorem 5.2.3] that
deg([α] · [g1H1] · · · [gn−kHn−k]) = deg(trop(α ∩ TN ) · trop(giH1) · · · trop(gn−kHn−k)).
By Lemma 3.18 and the fact that trop(giHi) is rationally equivalent to trop(Hi), the equation
above is equivalent to:
deg([α] · [H1] · · · [Hn−k]) = deg([trop(α)] ∗ [trop(H1)] ∗ · · · ∗ [trop(Hn−k)]).
Since A∗(X(∆)) is generated by divisors of form H as in Lemma 5.2 and φ ◦ ϕ in Theorem 3.11
is a ring isomorphism, this implies ϕ([α]) = φ−1([trop(α)]).
For arbitrary α let V(τ) be the maximal closed orbit that contains α. We can write
[α] =
∑
τ≺σ∈∆(n−k)
aσ[V(σ)].
The discussion above shows that [trop(α)] =
∑
aσ[V (σ)] as tropical cycle classes on V (τ), hence
they are in the same class of cycles on NR(∆). It follows that ϕ([α]) = φ
−1([trop(α)]). 
We now state the main theorem of this section, which comes as a corollary of Lemma 5.4 when
we let Hi vary. Let trop(X) · trop(X
′)|C be the part of trop(X) · trop(X
′) that is supported on
C , which is a tropical cycle in NR.
Theorem 5.7. With the same notation as in Lemma 5.4 we have that [trop(i∗
C
(X · X
′
))] =
[trop(X) · trop(X ′)|C ] as cycle classes in Ak+l−n(NR(∆)).
Proof. According to Lemma 5.6 and Lemma 5.4 and Lemma 3.18 we have:
deg([trop(i∗
C
(X ·X
′
))] ∗ [trop(H1)] ∗ · · · ∗ [trop(Hk+l−n)])
= deg([trop(X) · trop(X ′)|C ] ∗ [trop(H1)] ∗ · · · ∗ [trop(Hk+l−n)]).
Since the cycles of the form trop(H) generate A∗(NR(∆)) where H is defined as in Lemma 5.2,
we got the desired conclusion. 
Remark 5.8. When trop(X) and trop(X ′) intersect properly taking ∆ = {0} is enough. It follows
from [OP13, Corollary 5.1.2] that we actually have trop(i∗C(X ·X
′)) = trop(X) · trop(X ′)|C as
tropical cycles in NR.
Corollary 5.9. With the same notation as in Lemma 5.4 we have:
deg(trop(i∗
C
(X ·X
′
)) ·c F )) = deg(trop(X) · trop(X ′)|C ·c F ),
or equivalently
deg(trop(i∗
C
(X ·X
′
)) ·c F )) = deg(trop(X) · trop(X
′)|C · F )
for all representatives of i∗
C
(X ·X
′
) and F ⊂ NR such that F is compatible with ∆.
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Note that the corollary is not necessarily true if we ignore the compatibility condition for F and
use the stable intersection on NR for the left hand side of the equation.
Example 5.10. Let X = X ′ be planes in T 3 defined by the equation x + y + z + 1 = 0. Then
trop(X) = trop(X ′) is the standard tropical plane P in R3 = Rex+Rey+Rez where ex, ey, ez ∈
N are dual to x, y, z ∈ M . The intersection of the tropicalizations has only one component P
and the stable intersection trop(X) · trop(X ′) is the standard tropical line in R3. Let ∆ be the
complete fan whose 2-skeleton agrees with P , then X(∆) = P3 and X · X
′
is a projective line
in X . First let F be the plane Rey + Rez . Take a representative of α = i
∗
P
(X · X
′
) by the line
x = a, y+ z+1−a = 0 with val(a) = val(1−a) = 0. Then trop(α∩T 3) is the standard tropical
line in F . We have
deg(trop(α ∩ T 3) · F )) = 0 6= 1 = deg(trop(X) · trop(X ′)|P · F ).
On the other hand If we take F = P then one checks easily that both sides of the equation in
Corollary 5.9 are equal to 1.
6. LIFTING WITHIN NONTORIC AMBIENT SPACES
In this section we assume X andX ′ are of complementary codimension in a subscheme Y of an
algebraic torus, which is not necessarily smooth. Even if Y is smooth, there is no obvious condition
for ∆ such that the closure Y in X(∆) is still smooth. In this case the intersection cycle X ·X
′
in
Y is not well-defined, however the intersection multiplicity is still valid at isolated points ofX∩X
′
at which Y is regular, and indeed it is possible to choose ∆ such that Y is at least smooth at points
of X ∩X
′
that we are interested in.
Situation 6.1. Assume Y is a reduced closed subscheme of TN of pure dimension d. LetX andX
′
be closed subschemes of Y of pure dimensions k and l such that k + l = d. Let C be a connected
component of trop(X) ∩ trop(X ′) that is contained in the relative interior of a maximal face ι of
trop(Y ) of multiplicity one. LetWR be the affine subspace in NR of dimension d parallel to ι and
W = WR∩N the corresponding sublattice. Let∆ be a unimodular fan contained inWR which is a
compactifying fan for trop(Z)∩trop(Z ′)∩C , where Z and Z ′ run over all irreducible components
ofX andX ′ respectively. Assume there are finitely many points ofX ∩X
′
which tropicalize to C,
in other words ZC is a finite set.
We first check that in the above situation Y is smooth at points which tropicalize to C . LetX(∆)
be as before and Y (∆) the toric variety associated to∆ where∆ is considered as a fan inWR. Note
that X(∆) = Y (∆) × T n−d and NR(∆) = WR(∆) × R
n−d. We denote by π : X(∆) → Y (∆)
and π˜ : NR(∆) → WR(∆) the projections, which are induced by a splitting of N → N/W , and
tropY : Y (∆) → WR(∆) the tropicalization map on Y (∆). Take P ⊂ relint(ι) an integral G-
affine polyhedron such that ρ(P ) ∈ ∆ is a face. Let P ′ be the image of P in WR under the
projection π˜.
As in [BPR12, §4.29] we let UP be the preimage of P under the map trop: X(∆)an → NR(∆).
This is the same as the preimage under trop: X(ρ(P ))an → NR(ρ(P )), hence according to
[Rab12, Proposition 6.9] UP is an affinoid domain in X(∆)an whose ring of global sections is
integral. Similarly we define UP
′
to be the preimage of P ′ under tropY : Y (∆)
an → WR(∆),
which is an affinoid domain in Y (∆)an. Let YP = Y
an
∩UP and πP : Y
P → UP
′
the map induced
by the projection.
Lemma 6.2. πP is an isomorphism.
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Proof. Assume YP = M(B) and UP
′
= M(A) where A is integral. According to Theorem 4.30
and Corollary 4.32 of [BPR12] πP is a finite morphism of pure degree one in the sense of [BPR12,
§3.15].7 Look at the induced map φ : Spec(B)→ Spec(A), which is also finite of pure degree one,
so Spec(B) is irreducible. We first claim that Spec(B) is integral. Indeed, since Y is reduced, we
know Y
an
is reduced, hence so is YP as an affinoid domain in Y
an
, therefore Spec(B) is reduced.
On the other hand, since Y (∆)an is quasi-smooth, so is UP
′
, in particular Spec(A) is smooth, and
hence A is an integral normal ring. Now we have a finite morphism of degree one between integral
domains whose source is normal, it must be an isomorphism. Therefore, πP is an isomorphism. 
Note that Lemma 6.2 generalizes easily to the case where P = |P| for a finite collection P of
integral G-affine polyhedra in relint(ι) of which ∆ is a compactifying fan. In this case YP as an
analytic domain in Y
an
is quasismooth, hence Y
an
is regular at points tropicalize to P , therefore Y
is regular at points tropicalize to P . We now have a well-defined intersection multiplicity i(x,X ·
X
′
, Y ) for x such that trop(x) ∈ C, and are able to state the theorem for non-toric ambient space:
Theorem 6.3. In situation 6.1 we have∑
x∈ZC
i(x,X ·X
′
;Y ) =
∑
u∈C
i(u, trop(X) · trop(X ′); trop(Y )).
Proof. We show by passing to analytic spaces that in the above equality, we can replace Y with TW
and replaceX andX ′ with subschemes of TW . Since intersection multiplicities and tropicalizations
are additive with respect to cycles, we may assume both X and X ′ are reduced. First assume
dim(C) ≤ min{k − 1, l − 1}. Choose a splitting of N → N/W such that the corresponding
projection yields
π˜−1(π˜(C)) ∩ trop(X) = π˜−1(π˜(C)) ∩ trop(X ′) = C.
Take also a∆-thickening P of C such that P = |P| ∩ trop(Y ) is contained in relint(ι) and that
π˜−1(π˜(P )) ∩ trop(X) = π˜−1(π˜(P )) ∩ trop(X) ∩ ι
π˜−1(π˜(P )) ∩ trop(X ′) = π˜−1(π˜(P )) ∩ trop(X ′) ∩ ι.
Let X˜ and X˜ ′ be the scheme theoretic image ofX andX ′ under π in Y (∆), which can be identified
as the closure of π(X) and π(X ′) in Y (∆) where π(X)(resp. π(X ′)) is the scheme theoretic image
of X (resp. X ′) in TW . Let X
P = X
an
∩ UP and X ′P = X
′an
∩ UP , let X˜P
′
= X˜an ∩ UP
′
and
X˜ ′P
′
= X˜ ′an ∩ UP
′
. We then have ϕ : XP → X˜P
′
induced by the projection. To show that ϕ is an
isomorphism.
We can assume P is a polyhedron and ρ(P ) ∈ ∆. First check that ϕ is surjective. Since
X
π
−→ X˜ is dominant, the induced X
an πan
−−→ X˜an is also dominant. There exists a ∆-thickening
Q′ ⊂ relint(ι′) of P ′, such that π˜−1(|Q′|) ∩ trop(X) = |Q| ∩ trop(X), where Q is the preimage
under π˜ of Q′ in ι. It follows that the map
X
an
∩ trop−1(π˜−1(|Q′|
◦
) ∩ |Q|) = X
an
∩ trop−1(π˜−1(|Q′|
◦
))
πan
−−→ X˜ ′an ∩ trop−1Y (|Q
′|
◦
)
is dominant. As πQ is isomorphism, the image of the map above is closed, hence the map is
surjective, it follows that ϕ is surjective. On the other hand since πP is isomorphism, ϕ is a closed
immersion, also the same argument as in Lemma 6.2 shows that both XP and X˜P
′
are reduced, so
ϕ is an isomorphism.
7In [BPR12, Theorem 4.30] the conclusion is proved for∆ = {0} and P a polytope which has trivial recession cone,
their argument still works in our case where ∆ = ρ(P ).
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Note that the same argument shows that X ′P is isomorphic to X˜ ′P
′
under the projection. Now
for every point x ∈ XC we have
i(x,X ·X
′
;Y ) = i(x,X
an
·X
′an
;Y
an
) = i(x,XP · X ′P ;YP )
= i(πan(x), X˜P
′
· X˜ ′P
′
;UP
′
) = i(π(x), X˜ · X˜ ′;Y (∆))
= i(π(x), π(X) · π(X ′);Y (∆))
by [OR11, Proposition 5.7]. We next check that trop(X) and tropY (π(X)) have the same multi-
plicities at faces contained in P and P ′ respectively.
Let σ ⊂ P be a bounded face of trop(X) such that π˜(σ) is also a face of tropY (π(X)). Let L
be the sublattice ofW of rank k such that LR is parallel to σ. Let πW : TW → TL be the projection
corresponds to π˜W : WR → LR. Let πN = πW ◦ π : TN → TL and π˜N = π˜W ◦ π˜ : NR → LR. For
any w ∈ relint(σ) we have:
Xan ∩ Uw π(X)an ∩ U π˜(w)
U π˜N (w).
ϕ
πanN
πanW
Since ϕ is an isomorphism, we have deg(πanN ) = deg(π
an
W )(when restricted to the above dia-
gram). By [BPR12, Corollary 4.32] we have
mtrop(X)(σ) = mtropY (π(X))(π˜(σ)).
Now we can replace Y with TW and replace X and X
′ with π(X) and π(X ′), then the theorem
follows from [OR11, Theorem 6.4].
For the general case we takeN+ = N⊕Z⊕Z, hence TN+ = TN×G
2
m. Take also Y+ = Y ×G
2
m
and X+ = X × Gm × {1} and X
′
+ = X
′ × {1} × Gm. Then trop(Y+) = trop(Y ) × R
2 and
trop(X+) = trop(X) × R × {0} and trop(X
′
+) = trop(X
′) × {0} × R as tropical cycles, and
trop(X+)∩trop(X
′
+) = trop(X)∩trop(X
′). LetX(∆)+ be the toric variety associated to∆ as a
fan in (N+)R. We also have Y + = Y ×G
2
m andX+ = X ×Gm×{1} andX
′
+ = X
′
×{1}×Gm
and X+ ∩ X
′
+ = X ∩ X
′
. It follows from the projection formula that for all isolated points
x ∈ X+ ∩X
′
+ we have:
i(x,X+ ·X
′
+;Y +) = i(x,X+ · (X
′
× {1});Y ×Gm) = i(x,X ·X
′
;Y ).
Also for u ∈ C we have
i(u, trop(X+) · trop(X
′
+); trop(Y+)) = i(u, trop(X+) · (trop(X
′)× {0}); trop(Y )× R)
= i(u, trop(X) · trop(X ′); trop(Y )).
Note that dimC ≤ dim(X) = dim(X+) − 1 and dimC ≤ dim(X
′) = dim(X ′+) − 1, hence we
reduced to the case above and the theorem is proved. 
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